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We present a coupled pair approach for studying few-body physics in harmonically trapped ultracold gases.
The method is applied to a two-component Fermi system of N particles. A stochastically variational gaussian
expansion method is applied, focusing on optimization of the two-body correlations present in the strongly
interacting, or unitary, limit. The groundstate energy of the four-, six- and eight-body problem with equal spin
populations is calculated with high accuracy and minimal computational effort. We also calculate the structural
properties of these systems and discuss their implication for the many-body ultracold gas and other few-body
calculations.
PACS numbers: 03.75.Ss, 05.30.Fk 31.15.ac, 34.50.-s
I. INTRODUCTION
Ultracold atomic two-component Fermi gases under har-
monic confinement have become an important field of study
for fundamental quantum phenomena. The tunability of the
interspecies s-wave scattering length – the dominant inter-
action channel – makes these systems ideal for exploring
the strongly interacting, or unitary, regime at the BEC-BCS
crossover where the scattering length diverges and becomes
the dominant length-scale in the system [1–5]. Many-body
calculations based on perturbative methods fail at unitarity
due to the divergence of the scattering length [6, 7]. Al-
ternative techniques involving Monte Carlo integration and
effective interactions [8–10] require accurate knowledge of
the nodal surfaces to be used as references for antisymmet-
ric wavefunctions for fermionic systems. Density functional
theory requires an accurate energy functional for the study of
many-body systems [11–13]. Studies of few-body systems
provide benchmarks for optimization and refinement of these
many-body calculations and future experiments [14–20].
Few-body calculations can also be directly applied as atom
traps become more sophisticated and offer the possibility of
trapping only a few atoms in one trap [21] or a few atoms on
each site of an optical lattice [20, 22]. Two-body correlations
have been observed to play an important role in these systems
[23]. Extensions to more complex systems involving the ap-
plication of external fields expands the known set of universal
relations [24, 25].
The in-principle exact calculation of harmonically trapped
few-body systems with zero-range s-wave interactions has
been greatly extended in recent years. The exact wavefunc-
tion and energy spectrum for two unlike atoms in a trap was
found by Busch et al. [26]. Knowledge of the two-body sys-
tem has spurred calculations of the three-body problem using
the adiabatic hyperspherical method [14, 16, 19]. Exact diag-
onalization using the stochastic variation of a correlated gaus-
sian basis has enabled calculation of energetics and structural
properties of up to six trapped fermions for finite range in-
teractions [17, 27]. However, as the number of particles in-
creases the Hilbert space grows exponentially and exact di-
agonalization becomes intractable. The challenge is to extend
these calculations as far as possible beyond the two- and three-
body problem towards the many-body regime.
In this work we present an improved methodology based on
the stochastic variation of a gaussian basis [28–30] that allows
calculation of energy levels and structural properties of a two-
component Fermi system with up to N = 8 atoms. The atomic
hyperfine states which form the two components are treated as
two arbitrary spin-1/2 states and the associated statistics only
allows interactions between unlike particles. In this work we
restrict ourselves to the case of even N with equal population
in each spin state, i.e. N↑ = N↓ = N/2, as proof of concept of
the approach. The groundstate of this system has zero total
orbital angular momentum and spin, simplifying the calcula-
tion. The extension to more general cases is straightforward
but requires greater computational effort.
The key idea of the coupled pair approach is to consider
only the essential correlations. Interactions only occur be-
tween two unlike fermions and all other correlations are
captured in the non-interacting correlations between dimers
whose behavior is governed by the trap. This problem can
be solved using variational methods but the optimization pro-
cedure is only applied at the two-body level simplifying the
calculation for larger N where exact diagonalization is nor-
mally intractable. With these considerations we use a gaus-
sian expansion of the relative wavefunction and stochastic op-
timization to calculate the groundstate energy and structural
properties of up to N = 8 fermionic atoms in a harmonic trap.
Section II outlines the basic formalism for N trapped
fermions. In Section III we discuss the N = 4 problem in
detail and introduce the coordinate channels and their im-
portance for the few-body problem. Section IV extends the
method to N = 6 and N = 8 and outlines the details of the
coupled pair approach. Then, in Section V we calculate the
single-particle density and pair correlation functions and dis-
cuss their importance to the many-body system. Finally, in
Section VI we summarize and discuss the extension of the ap-
proach to more general cases.
ar
X
iv
:1
40
5.
37
44
v1
  [
co
nd
-m
at.
qu
an
t-g
as
]  
15
 M
ay
 20
14
2II. N-BODY PROBLEM AND GENERAL APPROACH
The Hamiltonian for N harmonically trapped atoms of
equal mass m is
H =
N∑
i=1
(
− ~
2
2m
∇2i +
1
2
mω2r2i
)
+
∑
i< j
V(ri − r j), (1)
where ri is the position of particle i, ω is the trapping fre-
quency and V(r) is the interparticle interaction potential. The
sum is restricted to interactions between unlike fermions and
interactions between more than two particles are omitted.
Here we only consider the equal mass case but the following
discussion can be generalized to arbitrary masses. Firstly, the
center-of-mass motion is decoupled from Eq. (1) and solved
separately, whereupon we may assume that it is in the ground-
state with energy Ecm = 1.5~ω and wavefunction
ψcm(R) =
N3/4
pi3/4a3/2ho
exp
− R2
2a2ho/N
 , (2)
where R =
∑
i ri/N is the center-of-mass coordinate and
aho =
√
~/mω is the harmonic oscillator length.
All the interparticle interactions are then contained in the
relative Hamiltonian and the relative wavefunction is an an-
tisymmetrized function of N − 1 relative coordinate vectors.
The choice of the relative coordinates is not unique and can
be chosen to take advantage of the symmetry of the system
and reduce the complexity of the problem. Different sets of
coordinates can represent different channels in which the par-
ticles are correlated, and we can include multiple channels in
our ansatz for the relative wavefunction
ψrel (r1, . . . , rN) =
∑
k
A φk
(
x(k)
)
, (3)
where φk
(
x(k)
)
is an unsymmetrized wavefunction of the kth
channel and the set of coordinates for each channel is ex-
pressed as a supervector x(k). The operator A projects these
channel wavefunctions onto the correct antisymmetric space.
The problem of two trapped fermions has been solved ana-
lytically for the zero-ranged Fermi pseudo-potential and re-
produces the 1/r − 1/as cusp in the relative wavefunction
[26], where as is the s-wave scattering length. Unfortunately,
these analytic solutions are unsuitable for use in the N-body
problem, due to the difficulty of treating the many cusps
that occur and because the non-interacting harmonic oscilla-
tor states have poor convergence at unitarity. Instead we use a
gaussian basis to expand the φk
(
x(k)
)
of each channel
φk
(
x(k)
)
=
∑
i1
· · ·
∑
iN−1
ci1...iN−1
N−1∏
j=1
exp
− x
(k)
j
2
2α2j i j
 , (4)
where the ci1...iN−1 are expansion coefficients, and the α j i j are
the widths of the gaussians, which serve as variational param-
eters for the model. Each of the relative vectors x(k)j repre-
sents a correlation within the problem and are treated indepen-
dently. Hence, each basis term is separable in the N − 1 vec-
tors, as represented by the product in Eq. (4). In general, this
product can have more terms corresponding to any number
of correlations, but as explained below, we choose the same
number of correlations as relative coordinates. The basis size
is determined by the number of terms in the sums and can
be expanded to improve the solution in accordance with the
variational principle [28]. The groundstate of the equal spin
component problem has zero relative angular momentum so
our ansatz needs no explicit angular component. The gaus-
sian basis functions are not orthogonal but they are simple
to manipulate and are effective at replicating correlations at
any length scale, including the short-ranged interparticle in-
teractions, while also being efficient enough to scale to larger
systems.
In the unitary limit the s-wave scattering length as diverges
and becomes the only important length-scale associated with
the interparticle interaction.The details of the short-ranged
interparticle interaction potential V(r) are unimportant, pro-
vided it can support a single bound state. We chose a gaussian
basis for its flexibility and ability to access all length scales so
we also choose a gaussian potential
V(r) = V0 exp
− r2
2r20
 , (5)
where, for any width r0 there is a depth V0 such that the po-
tential supports a single resonant bound state and has a di-
vergent scattering length corresponding to the unitary limit.
In the limit r0/aho → 0 the gaussian potential tends towards
a regularized contact interaction and the bound state is well
behaved. Moreover, it simplifies the calculation of matrix ele-
ments when using a gaussian basis and the appropriate values
of r0 and V0 can be found with elementary scattering theory.
Universal properties only emerge in the true zero-range limit
but the values of r0 considered here are sufficiently small for
the properties of the system to be considered very close to the
true groundstate, for r0/aho → 0. There are (N/2)2 possible
interacting pairs for the equal spin component system and we
include all of them in the Hamiltonian (1).
The product of gaussians in Eq. (4) can be conveniently
expressed with an (N − 1) × (N − 1) symmetric matrix A(k) as
N−1∏
j=1
exp
− x
(k)
j
2
2α2j i j
 = exp
(
−1
2
x(k)TA(k)x(k)
)
, (6)
where the superscript ‘T’ denotes matrix transposition. The
matrix elements of all terms in the Hamiltonian (1) with the
gaussian potential Eq. (5) can be found from these correlation
matrices [29].
By diagonalizing the relative Hamiltonian we not only ob-
tain the energy spectrum but the relative wavefunction. Com-
bining this with the center-of-mass wavefunction we obtain
the total wavefunction Ψ(x) for the N-body problem. From
Ψ(x) we can calculate a general structural property P(r)
P(r) =
∫
dr′
δ(r − r′)
4pir′2
∫
d3Nx δ(r′ − x)|Ψ(x)|2, (7)
where r (and r′) is a coordinate describing the property of
interest and P(r) is normalized to unity. Here x is a general
3set of coordinates such as the center-of-mass plus relative co-
ordinates as defined above or the single-particle coordinates.
These quantities are related to the density matrices of the sys-
tem and are calculated in a similar way [27, 29]. In particu-
lar we calculate the single-particle reduced density P1(r)/a−3ho ,
with r = r1 in Eq. (7) and the (scaled) pair correlation func-
tion 4pir2P12(r)/a−1ho , with r = r1 − r2 in Eq. (7). P1(r) is the
density of either spin species and P12(r) is the probability of
finding a pair of opposite spin fermions of size r.
As seen by the choice of basis, our approach identifies inter-
particle correlations in the N-body problem with the relative
coordinates. These ‘channels’ serve the dual purpose of being
a separable set of coordinates in which to perform the inte-
gration of the Schro¨dinger equation while also directly corre-
sponding to the most important correlations in the problem.
Other correlations can be included as off-diagonal elements in
A(k). A common approach is to include all N(N − 1)/2 two-
particle correlations [17, 28, 31], but having more variational
parameters quickly becomes intractable for N & 6. Further-
more, correlations between like fermions that cannot interact
are much less significant at unitarity, and all the important
correlations are naturally included in the choice of coordi-
nates. By only including N − 1 parameters from each channel
the calculation of individual matrix elements is more efficient,
since the A(k) are diagonal, and the basis we use focuses more
on the most important two-particle correlations. Therefore,
the choice of coordinates is the key to not only encapsulating
the important properties of the N-body problem but to make it
tractable as N increases. We first illustrate these ideas in the
case of N = 4.
III. FOUR-BODY PROBLEM: N = 4
A. Coordinate channels
For the four-body problem the relative coordinates can be
constructed in two ways, K-type and H-type. K-type coordi-
nates are constructed by iteratively defining the relative vector
between the center-of-mass of a subgroup of particles and one
extra particle; they are the canonical Jacobi coordinates. Phys-
ically, in the four-body problem the K-type channels represent
the correlations between a pair and two free particles. H-type
coordinates begin by defining two pairs and then the relative
vector between the centers-of-mass of the pairs. These chan-
nels represent the correlations within two interacting dimers,
and then the dimer-dimer correlation.
TABLE I. The coordinates for the three linearly independent chan-
nels used in the N = 4 problem. The reduced mass of all coordinates
is µ = 4−1/3m.
k x(k)1 x
(k)
2 x
(k)
3
K1
√
1
2µ (r1 − r2)
√
2
3µ
(
r1+r2
2 − r3
) √
3
4µ
(
r1+r2+r3
3 − r4
)
K2
√
1
2µ (r1 − r2)
√
2
3µ
(
r1+r2
2 − r4
) √
3
4µ
(
r1+r2+r4
3 − r3
)
H
√
1
2µ (r1 − r2)
√
1
2µ (r3 − r4)
√
1
µ
(
r1+r2
2 − r3+r42
)
1
(c)
(a)
1
(b)
1
FIG. 1. The three sets of linearly independent relative coordinates for
N = 4. (a) and (b) are conventional Jacobi vectors and (c) is the fully-
paired H-type channel. Each line represents the correlation between
the centers-of-mass of two subsets of particles. All other channels
can be obtained by applying the antisymmetrizer to one of these three
channels so they contribute nothing extra to the solution.
There are 4! = 24 ways to construct any coordinate chan-
nel depending on the order in which the particles are cor-
related and so the four-body problem has 48 possible co-
ordinate channels [30]. However, we do not need to in-
clude all channels since the symmetry of the problem will
make many of them redundant. The antisymmetrizing
operator for two spin-up and two spin-down particles is
A = (1 − P13 − P24 + P13P24), where Pi j permutes the ith
and jth particles. Throughout this work we have adopted the
notation that odd and even indices label the two different spin
components. Under the action of the permutation operators
in A and considering the interaction terms included in the
Hamiltonian Eq. (1) the 48 K-type and H-type channels in
Eq. (3) for the four-body problem reduce to only three linearly
independent channels, shown in Fig. 1 and given explicitly in
Table I. These channels contain all the correlations required
for the four-body problem. The reduced mass µ = N−1/(N−1)
is the same for all relative coordinates and preserves the vol-
ume element in the transformation from single-particle coor-
dinates. The antisymmetrizer also has the effect of ensuring
that all possible interacting pairs of particles produce a cusp
in the wavefunction, without having to explicitly include them
all in the basis.
B. Groundstate energy for N = 4
For excited states or weaker interactions the correlations of
free particles is important and the contributions from the K-
type channels must be included. However, for the ground-
state at unitarity we intuitively expect that the H-type chan-
nel is sufficient. In each channel the basis is chosen using
the stochastic variational method whereby a set of gaussian
widths is chosen semi-stochastically and the relative Hamilto-
4nian is constructed and diagonalized. This process is iterated
until the lowest eigenenergy converges. These calculations
are repeated for r0/aho = 0.05 to r0/aho = 0.01 and show a
linear trend that is extrapolated to the limit r0/aho → 0. Using
all three channels from Fig. 1 we achieve a groundstate en-
ergy of E(4)G = 3.509(6)~ω, very consistent with previous cal-
culations [17, 31]. The uncertainty is in the last digit. With
this calculation as a benchmark, we can compare to a cal-
culation using only the H-type channel, for which we obtain
Erel = 3.51(3)~ω, or a difference of 0.15% from the multiple
channel calculation. These calculations are summarized in Ta-
ble II.
The H-type channel by itself gives a very good approxi-
mation to the true groundstate energy, but as a further test
we examine the structural properties of the system at uni-
tarity. In Fig. 2 we plot the scaled pair correlation function
4pir2P12(r)/a−1ho of the four-body groundstate at unitarity us-
ing different combinations of channels. The calculation is per-
formed using only the H-type channel (blue, solid), only the
K-type channels (red, dashed), and all three (black, dotted).
As shown by the inset, the calculation using only the H-type
channel is very close to the calculation using all three chan-
nels. The minimal effect of the adding the K-type channels to
the H-type channel is to make the pair sizes slightly smaller,
reflecting higher-order pair correlations. The K-type channels
by themselves are very different from the full calculation, es-
pecially at small r. This is due to the fact that they do not allow
for as many pairs of unlike fermions with a small separation.
These results confirm that the groundstate at unitarity is
well-represented by only the H-type channel. That is, the
most important correlations in the system are those between
two particles interacting via an s-wave contact interaction and
then between the dimers whereas correlations involving free
particles contribute only a small perturbation. Interactions in-
volving more than two particles are also negligible. Therefore,
when we consider scaling to larger N in the next section, we
seek to discard the insignificant terms and devote computa-
tional power to the interacting pairs.
IV. EXTENSION TO HIGHER N
A. Coordinate channels and optimization
In the four-body problem, the different correlations con-
tained in the K-type and H-type channels leads to a clear dis-
tinction between the results. For larger N there arise more
possible sets or ‘shapes’ of coordinate channels, including
hybrids of the generalized K-type and H-type channels in-
troduced earlier and each set allows N! permutations before
considering the antisymmetry of the wavefunction. The dif-
ferent coordinate channels can be characterized by the types
of correlations they naturally represent and any channel can be
viewed as a set of N = 2 subsystems. We identify two types of
correlations, interacting-pair correlations (IPCs) between two
fermions in different spin states and non-interacting correla-
tions (NICs) involving more than two particles. The latter in-
cludes correlations between dimers, and correlations between
0 1 2 3 40
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0.5
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FIG. 2. The scaled pair correlation function 4pir2P12(r)/a−1ho of the
four-body groundstate at unitarity using different combinations of
channels. The calculation is performed for r0/aho = 0.01 using only
the H-type channel (blue, solid), only the K-type channels (red,
dashed), and all three (black, dotted). The inset demonstrates the ro-
bustness of the calculation using only the H-type channel. For each
calculation the basis used was the same size for each channel so the
H-type only calculation had the smallest basis.
a subcluster (two or more particles) and a single particle. The
distinction is important because the IPCs in the relative wave-
function must reproduce the 1/r − 1/as cusp between any two
interacting fermions. Although correlations involving more
than two particles can be treated via effective interactions [32],
cusps in the NICs are either suppressed by Fermi statistics or
are much weaker than the two-body interaction and the corre-
lations are on a larger length scale. These higher-order effects
have not been considered explicitly in this work but their ef-
fects can be considered to be incorporated in the NICs which
are governed primarily by correlations of order aho. For higher
N H-type refers only to those channels which have the maxi-
mum N/2 IPCs. That is, they are constructed by first pairing
up all particles then building the correlations between pairs.
All other channels are referred to as (generalized) K-type,
even if they contain several IPCs.
The antisymmetrizerA for general N isSN/2 ⊗ SN/2, where
S is the symmetric group. This amounts to [(N/2)!]2 permu-
tation terms with associated minus signs for each exchange of
two identical particles. By applying this operator we find that
there is only one H-type channel for N = 6 and two H-type
channels for N = 8; these are shown in Fig. 3. For N = 6,
Fig. 3(a) shows the H-type channel representing the correla-
tion between a tetramer and an additional pair. Figures 3(b)
and 3(c) show, respectively, the N = 8 H-type channels with
either the correlation between two H-type tetramers, or the
correlation between a six-body subcluster and an additional
pair. All three include the internal correlations of the smaller
subclusters. Below we show that these channels are sufficient
for calculating the groundstate of the six- and eight-fermion
problem to high accuracy.
Even with only N − 1 variational parameters in one or two
channels it is still not practical with available computational
resources to variationally optimize the entire problem when
N > 6. However, another advantage to identifying coordinates
with correlations is that the basis does not require optimization
with respect to the N-body problem. Instead, each NIC and
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FIG. 3. (a) The H-type channel for the N = 6 problem, (b)-(c) the
H-type channels for the N = 8 problem. All other fully-paired chan-
nels can be obtained by applying the antisymmetrizer to one of these
channels so they contribute nothing extra to the solution.
IPC is optimized as an independent N = 2 subsystem of re-
duced mass µ. The energy spectrum without interactions and
at unitarity is known exactly for N = 2 [26], and it is simple
to optimize these pairs with a gaussian basis and a gaussian
potential, Eq. (5). This not only makes the optimization pro-
cedure extremely fast, but only a very small number of basis
states is needed in each correlation to reproduce the first few
energy levels to high accuracy. This allows us to use a very
small basis focused on the most important length scales, r0
and aho, and extend the approach to larger N. Specifically,
the NICs are only of order the trap size so require a smaller
basis than the IPCs which also need to access the interparti-
cle potential, i.e. contain terms with α j ∼ r0. One drawback
to using such a small basis in the N = 2 subsystems is that it
limits how small we can choose r0 and thus how accurately
we can extrapolate r0/aho → 0. In practice however, the for-
mal requirement that r0/aho  1 is satisfied by r0/aho . 0.1
with only a small error compared to the true zero-range limit.
The method is variational even though it does not seek to
find convergence of the solution at the N-body level. The
flexibility and accuracy of this method comes from includ-
ing all the important correlations in the choice of coordinates.
We still use as large a basis size as possible but the terms are
distributed more efficiently. The gaussian basis functions are
not orthogonal so care must be taken to avoid linear depen-
dence between the differnet N = 2 subsystems. However, be-
cause the optimization is performed first at the N = 2 level,
we only need to construct and diagonalize the N-body Hamil-
tonian once, rather than at each step of a full optimization
procedure. This leads to a large reduction in computational
time especially as the number of permutations grows with N.
B. Groundstate energy for N = 6 and N = 8
Similar to the calculation presented in Section III for N = 4,
for N = 6 we first perform a large calculation to compare
against results involving a restricted basis size and choice of
channels. Initially, we consider five channels, including sev-
eral K-type channels, to better incorporate single-particle ex-
citations and the number of basis functions in each correlation
is maximized up to the limit of computational resources while
maintaining sufficient linear independence. Although still
large, the basis size for the ICPs and NICs for N = 6 is smaller
than for N = 4. Hence, we consider larger values of r0/aho:
0.04 ≤ r0/aho ≤ 0.08. However, we find that the linear extrap-
olation as r0/aho → 0 is still valid. In the zero-range limit
we obtain a groundstate energy of E(6)G = 6.84(9)~ω, which is
lower than the calculation using all two-particle correlations
[33] and so is a lower upper bound on the true groundstate
energy. This is principally because although the basis sizes
are comparable we have distributed the basis among only the
most important correlations so it accesses a large part of the
relevant Hilbert space. Secondly, we repeat the calculation
using only the H-type channel and obtain E(6)G = 6.86(4)~ω in
the zero-range limit. This differs from the larger calculation
by 0.22%. This demonstrates that the correlations included
in the H-type channels are dominant in the groundstate of the
system. Details of these results are also summarized in Table
II.
These results demonstrate that the restriction to only H-type
channels using a basis of optimized pairs is valid, so we now
extend this method to N = 8. There are two linearly inde-
pendent H-type channels [see Fig. 3(b,c)], which must both
be included to access all the two-particle IPCs, and there is
a much larger number of permutations. The calculations are
performed for larger r0: 0.05 ≤ r0/aho ≤ 0.09, and the extrap-
olation to r0/aho → 0 gives E(8)G = 10.63(1)~ω. This result is
a lower upper bound to the N = 8 groundstate energy from
Monte Carlo calculations, E(8)G = 11.08(3)~ω [9], or an effec-
tive interaction method, E(8)G = 10.679~ω [10].
Although the total basis size for N = 8 is maximized, the
large number of correlations in the problem means that, in
comparison to N = 4 and N = 6, we can only use a small
TABLE II. Relative groundstate energies E(N)G and details of each cal-
culation. These values are extrapolated from finite r0 calculations to
r0/aho → 0. ‘Reduced’ basis size is in reference to the largest achiev-
able basis for N = 8 (see text). The last column is the slope of the
linear fit for the extrapolation to r0/aho → 0.
N EG/~ω channels basis size r0/aho slope
4 3.509(6) H+Ks full [0.01, 0.05] 1.833
3.51(3) H full [0.01, 0.05] 1.798
3.53(2) H red. [0.05, 0.09] 1.640
6 6.84(9) H+Ks full [0.04, 0.08] 2.717
6.86(4) H full [0.04, 0.08] 2.678
6.91(2) H red. [0.05, 0.09] 2.650
8 10.63(1) H+H red. [0.05, 0.09] 2.841
6number of gaussians in each N = 2 subsystem due to limited
computational resources. This also means we cannot compare
to a calculation that includes K-type channels. The basis is
‘reduced’ at the N = 2 level in that it is restricted to the bare
minimum needed to reproduce the cusp behavior of the IPCs
and the NICs are taken to be of similar size to the trap length,
i.e. α j ∼ O(1). The ‘reduced’ basis also requires larger values
of r0 in order to maintain similar accuracy in the optimiza-
tion of the IPCs and NICs. Previous calculations for N = 4
and N = 6 used a ‘full’ basis size, which essentially allowed
arbitrary accuracy in the two-body problems used for opti-
mization. To justify using a ‘reduced’ basis size we repeated
the calculations for N = 4 and N = 6 using the same number
of gaussians in each IPC and NIC of the H-type channel as
was used in the N = 8 calculation. The results and details of
all groundstate calculations are summarized in Table II. Us-
ing the reduced basis size for N = 4 and N = 6 gives ground-
state energies, in the zero-range limit, of E(4)G = 3.53(2)~ω and
E(6)G = 6.91(2)~ω, respectively. The results are within 0.61%
and 0.62%, respectively, of the ‘full’ basis results. We expect
that the error in E(8)G in the zero-range limit is of similar order.
V. STRUCTURAL PROPERTIES
The coupled pair approach enables the calculation of the
structural properties for up to N = 8. In Fig. 4(a) we plot the
normalized single-spin species reduced density P1(r)/a−3ho at
unitarity, for N = 4, 6, 8 using only the H-type channels with
the largest possible basis and smallest possible r0 for each
case. We see the flattening of the small-r density and emer-
gence of a small peak at non-zero r for the six and eight-body,
which may indicate formation of shell structure in the system.
The more prominent peak in Ref. [27] may be due to the in-
clusion of single-particle correlations, but we note that it was
performed at a larger value of r0.
In Fig. 4(b) we plot the (scaled) pair correlation function
4pir2P12(r)/a−1ho at unitarity for the same parameters and ba-
sis sizes as Fig. 4(a). As N increases the main peak at
r0/aho ∼ 1.5 is enhanced and becomes the main feature. This
is expected as the formation of large weakly-bound dimers
due to unitary s-wave scattering becomes more likely. The
value of P12(r) in the r → 0 limit is related to the number of
pairs of fermions of opposite spin separated by a small dis-
tance r, thereby allowing them to interact [34–36]. In the
thermodynamic limit this provides a strong link between the
physics of few- and many-body systems but for the values of
N considered here the shell structure plays a larger role.
The curves given in Fig. 4 are obtained using the best cal-
culation possible for each N in terms of basis size and the
value of r0. In particular, for N = 8 the value of r0/aho is
significantly larger than for N = 4 and N = 6 although it is
still considered small. The near vertical lines in Fig. 4(b) are
due to the small finite range effect of non-zero r0. Decreasing
r0 produces a small change in the peak values of P1(r) and
P12(r), but this increase is bounded in the r0/aho → 0 limit.
Increasing the basis size has the same effect. This effect can
be seen by calculating the structural properties of the system
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FIG. 4. (a) Reduced one body density P1(r)/a−3ho at unitarity for N = 4
(black, solid), N = 6 (blue, dashed) and N = 8 (red, dotted). In each
case calculations were performed using the smallest possible r0 and
largest possible basis size. (b) Reduced (and scaled) pair correlation
4pir2P12(r)/a−1ho for the same cases.
for N = 4 and N = 6 for a range of r0 and for the ‘reduced’
basis as determined by the N = 8 system.
VI. CONCLUSION
We have accurately calculated the groundstate energy and
structural properties of a two-component few-fermion sys-
tem at unitarity with an even number of particles up to
N = 8. The coupled pair approach minimizes computational
effort by retaining only the most important two-body correla-
tions in the unitary limit, allowing the extension to a higher
number of particles. For N = 8 we present a lower upper
bound on the groundstate of E(8)G = 10.63(1)~ω. The two-
particle correlation function P12(r) has two peaks at r/aho → 0
and r/aho ∼ 1.5, representing the number of particles coming
within the range of the interparticle interaction and the size
of the weakly bound dimers, respectively. As expected for a
Fermi system at unitarity, the second peak increases with N
due to the dominance of the strong s-wave interactions.
All calculations were performed on desktop computers
where the principal limiting factor on the computational time
for increasing N is the number of permutations required to
antisymmetrize the wavefunction. The size of the basis used
for each two-body correlation is limited by available mem-
ory but even for N = 8, in which at most five gaussians were
used for each correlation, the zero-range ground state energy
obtained is lower than other techniques. Given these com-
7putational limitations, we found that the extrapolation to the
zero-range limit was more significant in calculating a lower
groundstate energy. Performing the calculation for as small a
value of r0/aho as possible, while still maintaining high accu-
racy in the optimization of the IPCs, led to a better linear fit
and lower zero-range groundstate energy than increasing the
basis size at larger r0.
The ground state of the N-fermion problem with equal spin
components has zero total angular momentum allowing us
to ignore the angular component of the wavefunction in the
ansatz of Eq. (6). The coupled pair approach can be extended
to excited states with different symmetry and even other sys-
tems with unequal spin populations, odd N or unequal masses.
These problems would require the addition of K-type channels
and explicit angular functions since single-particle excitations
become more important but otherwise the same principles de-
scribed in this work apply. Advances in the trapping of atomic
gases in confined dimensions or with different interparticle in-
teractions [6] open up many other avenues in which gaussian
expansion and coupled pair methods may apply.
In the unitary limit perturbative many-body techniques fail
and new techniques are required. The coupled pair approach is
a more efficient method of calculating energetic and structural
properties of ultracold Fermi systems with a few atoms. By
shifting the computational problem to the most important sub-
systems of the problem we have highlighted the significance
of two-body-correlations as well as pushed the calculation to
higher N. These results can provide more accurate bench-
marks for experiments and calculations in ultracold few-body
physics to bridge the gap to the many-body gas.
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